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1 Introduction: Philosophy of Data Science

This document is the culmination of deep understanding. Each concept is explained with:

1. Why it matters (the problem it solves)

2. Mathematical foundation (derivation where applicable)

3. Concrete example (toy or real-world)

4. Counterexample (what fails if ignored)

5. Deep concluding thought

2 Foundational Concepts (Previously Covered)

2.1 Why Data Must Be Numerical

2.1.1 Mathematical Reason

All ML models compute f(WTx+ b). This requires x to be a real vector.

2.1.2 Example

One-hot encoding: Red=[1,0,0] not Red=1.

2.1.3 Concluding Thought

Embedding quality determines model ceiling.

2.2 Why ex Everywhere

2.2.1 Mathematical Reason

d
dx
ex = ex, making it the natural solution to dy/dx = y.

2.2.2 Example

Sigmoid: σ(z) = 1/(1 + e−z) maps (−∞,∞) to (0, 1).

2.2.3 Concluding Thought

ex turns linear combinations into probabilities.

2.3 Why Non-linear Activations

2.3.1 Mathematical Reason

Without non-linearity, L layers collapse to one: Weff = WL · · ·W1.

2.3.2 Example

XOR problem requires non-linearity.
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2.3.3 Concluding Thought

Non-linearity enables deep learning’s expressive power.

2.4 Why Regularization Increases Bias, Decreases Variance

2.4.1 Mathematical Reason

Ridge solution: ŵridge = (XTX + λI)−1XTy. As λ increases, bias increases, variance
decreases.

2.4.2 Example

Polynomial regression: degree 15 with L2 smooths out overfitting.

2.4.3 Concluding Thought

Regularization is a bias-variance dial; tune via cross-validation.

2.5 Model Bias vs Training Variance

2.5.1 Diagnosis

High bias: training and validation error both high. High variance: training low, validation
high.

2.5.2 Solutions

Bias: add features, increase complexity. Variance: add data, regularize.

2.5.3 Concluding Thought

Learning curves diagnose the problem; act accordingly.

2.6 Gradient Descent and Local Minima

2.6.1 Escaping Strategies

Momentum, Adam, cyclic LR, SGD noise.

2.6.2 Concluding Thought

Saddle points, not local minima, are the real challenge in high dimensions.

2.7 L1 vs L2 Sparsity

2.7.1 Geometric Reason

L1 constraint is a diamond (corners on axes) → sparsity. L2 is a circle (no corners) → no
sparsity.
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2.7.2 Concluding Thought

Use L1 for feature selection, L2 for correlated features.

2.8 Poisson vs Negative Binomial

2.8.1 Mathematical Reason

NegBin = Gamma-Poisson mixture: variance = mean ×(1 + β) > mean.

2.8.2 Example

Insurance claims: overdispersed, so NegBin fits better.

2.8.3 Concluding Thought

Always check mean-variance relationship for count data.

2.9 Precision, Recall, F1 vs Accuracy

2.9.1 Example

Rare disease: 99.9

2.9.2 Concluding Thought

Use confusion matrix, not just accuracy.

2.10 Bias-Variance Tradeoff

2.10.1 Mathematical Derivation

E[(y − f̂)2] = Bias2 +Variance + σ2.

2.10.2 Concluding Thought

This is the fundamental theorem of supervised learning.

3 New Concept 1: Entropy, Cross-Entropy, and KL

Divergence

3.1 What Problem Do They Solve?

We need to quantify ”uncertainty” (entropy) and ”difference between probability distri-
butions” (KL divergence). Cross-entropy is the standard loss for classification.
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3.2 Mathematical Definitions

Shannon Entropy (discrete):

H(P ) = −
∑
i

pi log pi

Measures average information content. Max when uniform (maximum uncertainty). Min
when one pi = 1 (certainty).

Cross-Entropy:

H(P,Q) = −
∑
i

pi log qi

Measures average number of bits needed to encode distribution P using code optimized
for Q.

KL Divergence (Relative Entropy):

DKL(P ∥ Q) =
∑
i

pi log

(
pi
qi

)
= H(P,Q)−H(P )

Measures ”information loss” when using Q to approximate P . Not symmetric, not a
metric.

3.3 Example: Binary Classification

True distribution P : p1 = 1 (class 1), p0 = 0 (class 0). Model predicts q1 = ŷ, q0 = 1− ŷ.
Cross-entropy loss:

L = −[1 · log ŷ + 0 · log(1− ŷ)] = − log ŷ

This is exactly the binary cross-entropy loss.

3.4 Why Not Use MSE for Classification?

MSE penalizes large errors less harshly. Cross-entropy has larger gradient when prediction
is wrong:

∂LCE

∂ŷ
= −1

ŷ
(large when ŷ near 0)

∂LMSE

∂ŷ
= 2(ŷ − y) (bounded)

3.5 Counterexample: MSE for Outliers

If true class is 1 and model predicts 0.01, CE loss = − log(0.01) = 4.6, MSE = (0.99)2 =
0.98. CE penalizes confident wrong predictions much more.

3.6 Deep Concluding Thought

Cross-entropy is the natural loss for classification because it directly measures the differ-
ence between predicted and true probability distributions. Minimizing cross-entropy is
equivalent to minimizing KL divergence (since H(P ) is constant for the true distribution).
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4 New Concept 2: Maximum Likelihood Estimation

(MLE) vs Maximum A Posteriori (MAP)

4.1 What Problem Do They Solve?

We need to estimate parameters θ from data. MLE finds θ that makes the observed data
most probable. MAP adds a prior belief.

4.2 Mathematical Formulation

Likelihood: L(θ) = P (D|θ) =
∏n

i=1 P (xi|θ) (assuming i.i.d).
MLE:

θ̂MLE = argmax
θ

logL(θ) = argmax
θ

n∑
i=1

logP (xi|θ)

MAP: Adds prior P (θ):

θ̂MAP = argmax
θ

logP (θ|D) = argmax
θ

[logL(θ) + logP (θ)]

4.3 Example: Coin Toss

Data: n tosses, k heads. Likelihood for probability p:

L(p) = pk(1− p)n−k

MLE: ∂ logL
∂p

= k
p
− n−k

1−p
= 0 =⇒ pMLE = k

n
.

MAP with Beta prior Beta(α, β): P (p) ∝ pα−1(1− p)β−1. Then:

pMAP =
k + α− 1

n+ α + β − 2

If prior is uniform (α = β = 1), MAP = MLE.

4.4 Why MAP Over MLE?

When data is scarce, MLE overfits. For example, 1 coin toss, heads → MLE says p = 1
(always heads). MAP with prior α = β = 2 gives pMAP = (1 + 1)/(1 + 2 + 2− 2) = 2/3,
more reasonable.

4.5 Connection to Regularization

L2 regularization λ∥w∥2 corresponds to a Gaussian prior N (0, 1/λ) on weights. L1 cor-
responds to Laplace prior (sparsity-inducing). So regularization is Bayesian MAP with a
specific prior.

4.6 Deep Concluding Thought

MLE is MAP with a uniform prior (or infinite data). When you have little data, use
informative priors. When you have lots of data, prior washes out. This is why deep
learning (massive data) often uses unregularized MLE-ish training (though weight decay
is still common).
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5 New Concept 3: Conjugate Priors

5.1 What Problem Do They Solve?

Bayesian inference requires computing posterior P (θ|D) ∝ P (D|θ)P (θ). For many likeli-
hoods, the posterior has the same form as the prior if we choose the right prior — this is
a conjugate prior, making updates analytic.

5.2 Common Conjugate Pairs

Likelihood Conjugate Prior Posterior Parameters
Bernoulli (binary) Beta(α, β) α′ = α+#heads, β′ = β +#tails
Binomial Beta Same as Bernoulli after counting
Poisson Gamma(α, β) α′ = α+

∑
xi, β

′ = β + n

Normal (known var) Normal µ′ =
σ2
0 x̄n+σ2µ0

σ2
0n+σ2

Multinomial Dirichlet(α) α′
i = αi + counti

5.3 Example: Beta-Binomial Conjugacy

Prior: p ∼ Beta(α, β). Likelihood: Binomial(n, k). Posterior:

P (p|k) ∝ pα−1(1− p)β−1 · pk(1− p)n−k = pα+k−1(1− p)β+n−k−1

This is Beta(α+ k, β + n− k). Posterior mean: α+k
α+β+n

.

5.4 Why Conjugacy Matters

Without conjugacy, you need numerical integration or MCMC sampling, which is slow.
Conjugate priors give closed-form updates, enabling online learning (update posterior as
data arrives one by one).

5.5 Deep Concluding Thought

Conjugate priors are mathematical shortcuts that make Bayesian inference tractable for
simple models. For complex models (deep neural networks), we use variational inference
or MCMC because no conjugate prior exists.

6 New Concept 4: Expectation-Maximization (EM)

Algorithm

6.1 What Problem Does It Solve?

When data has latent (unobserved) variables, direct MLE is hard. EM iteratively esti-
mates latent variables (E-step) then updates parameters (M-step).

11



6.2 Mathematical Formulation

Let X = observed data, Z = latent variables, θ = parameters. EM maximizes logP (X|θ)
by iterating:

E-step: Compute expected log-likelihood under current θ(t):

Q(θ|θ(t)) = EZ|X,θ(t) [logP (X,Z|θ)]

M-step: θ(t+1) = argmaxθ Q(θ|θ(t))

6.3 Example: Gaussian Mixture Models (GMM)

Data from K Gaussians with unknown means µk, variances σ
2
k, and mixture weights πk.

Latent variable zi ∈ {1, . . . , K} indicates which Gaussian generated xi.

E-step: Compute responsibility γik = P (zi = k|xi, θ
(t)) =

πkN (xi|µk,σ
2
k)∑

j πjN (xi|µj ,σ2
j )

M-step: Update parameters:

πnew
k =

1

n

∑
i

γik, µnew
k =

∑
i γikxi∑
i γik

, (σ2
k)

new =

∑
i γik(xi − µnew

k )2∑
i γik

6.4 Counterexample: K-Means as Hard EM

K-means is a special case of GMM EM where we assume σ2
k → 0 (hard assignment).

E-step becomes ”assign each point to nearest centroid,” M-step: recompute centroids as
means.

6.5 Deep Concluding Thought

EM is the backbone of unsupervised learning on mixtures and latent variable models.
It guarantees non-decreasing likelihood. However, it only finds local optima. Multiple
random restarts are necessary.

7 New Concept 5: Principal Component Analysis

(PCA)

7.1 What Problem Does It Solve?

High-dimensional data is hard to visualize, store, and model. PCA finds the directions
(principal components) that capture maximum variance, allowing dimensionality reduc-
tion.

7.2 Mathematical Derivation

Given centered data X ∈ Rn×p (each column mean=0). Find unit vector v1 maximizing
variance of projections:

max
∥v1∥=1

1

n
∥Xv1∥2 = maxvT

1

(
1

n
XTX

)
v1 = maxvT

1 Σv1
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This is maximized by the eigenvector ofΣ with largest eigenvalue λ1. The k-th component
is the eigenvector with k-th largest eigenvalue.

Explained variance ratio:
λj∑p
i=1 λi

7.3 Example: Face Recognition (Eigenfaces)

Each face image is a high-dimensional vector (e.g., 100x100 = 10,000 dimensions). PCA
finds ”eigenfaces” (principal components). Any face can be approximated as a linear
combination of the top 100 eigenfaces, reducing from 10,000 to 100 dimensions.

7.4 Practical Considerations

• Scale data first: PCA is scale-sensitive. Always standardize (mean=0, vari-
ance=1) before PCA.

• Choosing k: Look at scree plot (elbow in explained variance). Or choose k that
explains 95% variance.

• Relation to SVD: X = UΣVT . Principal components = columns ofV. Explained
variance = σ2

i /
∑

σ2
j .

7.5 Counterexample: When PCA Fails

For non-linear manifolds (e.g., Swiss roll), PCA fails to unravel the structure. Use t-SNE
or UMAP instead.

7.6 Deep Concluding Thought

PCA is linear dimensionality reduction. It’s fast, interpretable (eigenvectors show pat-
terns), but assumes linear relationships. For non-linear data, use kernel PCA, autoen-
coders, or manifold learning.

8 New Concept 6: t-SNE and UMAP (Manifold Learn-

ing)

8.1 What Problem Do They Solve?

Visualizing high-dimensional data in 2D/3D while preserving local structure. Unlike PCA
(linear, global), these methods preserve neighborhoods.

8.2 t-SNE (t-Distributed Stochastic Neighbor Embedding)

Intuition: Similar points in high-D should be close in low-D. It models:

• High-D similarities: pj|i =
exp(−∥xi−xj∥2/2σ2

i )∑
k ̸=i exp(−∥xi−xk∥2/2σ2

i )
(Gaussian kernel)

• Low-D similarities: qij =
(1+∥yi−yj∥2)−1∑
k ̸=l(1+∥yk−yl∥2)−1 (t-distribution with 1 df)

Minimizes KL divergence between p and q.

13



8.3 UMAP (Uniform Manifold Approximation and Projection)

Faster than t-SNE, preserves more global structure. Based on Riemannian geometry and
fuzzy simplicial sets.

8.4 Practical Guidelines

• perplexity in t-SNE: Roughly expected number of neighbors. Typical range 5–50.
Too small → local clusters only; too large → global structure lost.

• Run multiple times: t-SNE can converge to different embeddings. Check stability.

• Not for clustering: Visualization only. Distances in t-SNE plot are not meaningful
quantitatively.

8.5 Counterexample: Misinterpreting t-SNE

t-SNE can create false clusters in random noise. Always verify with other methods.

8.6 Deep Concluding Thought

t-SNE and UMAP are essential for exploratory analysis of image, text, and genomic data.
But they are for visualization only—don’t use distances from them for downstream tasks.

9 New Concept 7: Ensemble Methods (Bagging, Boost-

ing, Stacking)

9.1 What Problem Do They Solve?

Single models have high variance (overfit) or high bias (underfit). Ensembles combine
multiple models to reduce variance (bagging), reduce bias (boosting), or both (stacking).

9.2 Bagging (Bootstrap Aggregating)

Algorithm:

1. Create B bootstrap samples (sample with replacement) from training data.

2. Train a model on each bootstrap sample.

3. Average predictions (regression) or vote (classification).

Why it works: If models have variance σ2 and correlation ρ, variance of average =
1+(B−1)ρ

B
σ2. As B →∞, variance → ρσ2, which is less than σ2 if ρ < 1.

Example: Random Forest = bagged decision trees with random feature subset at
each split.
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9.3 Boosting (e.g., AdaBoost, Gradient Boosting)

Algorithm (AdaBoost):

1. Train model h1 on data with equal weights.

2. Increase weights of misclassified samples.

3. Train h2 on reweighted data.

4. Repeat. Final prediction = weighted vote of all models.

Why it works: Each new model focuses on previous errors, gradually reducing bias.

9.4 Gradient Boosting Machines (XGBoost, LightGBM)

Optimizes a loss function L by adding trees sequentially. At step m, fit a tree hm to the
negative gradient (pseudo-residuals):

hm = argmin
h

n∑
i=1

(
−∂L(yi, Fm−1(xi))

∂Fm−1(xi)
− h(xi)

)2

Then Fm(x) = Fm−1(x) + ηhm(x), where η is learning rate.

9.5 Stacking (Stacked Generalization)

Train a meta-model that learns how to combine base model predictions. Steps:

1. Train K base models on training data.

2. Get predictions of base models on validation set (or using cross-validation).

3. Train a meta-model (e.g., linear regression, logistic regression) on these predictions.

9.6 Comparison Table

Method Goal Key Idea Example
Bagging Reduce variance Parallel, boot-

strap
Random Forest

Boosting Reduce bias Sequential,
reweight

XGBoost

Stacking Combine
strengths

Meta-model Super learner

9.7 Deep Concluding Thought

Ensembles are the secret sauce of winning ML competitions. Random Forest is often
best out-of-box; XGBoost wins with tuned hyperparameters; stacking gives extra 1-2%
improvement. But ensembles are slower and less interpretable.
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10 New Concept 8: Attention Mechanism and Trans-

formers

10.1 What Problem Do They Solve?

RNNs process sequences step-by-step, forgetting long-range dependencies. Attention al-
lows the model to ”look back” at any previous position when making a prediction.

10.2 Scaled Dot-Product Attention

Given Query Q, Key K, Value V matrices:

Attention(Q,K,V) = softmax

(
QKT

√
dk

)
V

where dk is key dimension. Scaling by
√
dk prevents softmax from saturating.

10.3 Why Attention Works

• Long-range dependencies: No distance penalty. Can attend to any previous
token.

• Parallelizable: Unlike RNNs (sequential), attention computes all pairwise inter-
actions at once.

• Interpretable: Attention weights show which parts of input are important.

10.4 Transformer Architecture

Self-attention: Q,K,V all from same input. Multi-head attention: Multiple at-
tention heads in parallel, then concatenate. Positional encoding: Sinusoidal functions
added to input to encode position.

10.5 Example: Machine Translation

English ”I love you” → French ”Je t’aime”. When generating ”t’aime”, the model attends
to ”you” (English) and ”love”. Attention weights show clear alignment between words.

10.6 Counterexample: Without Attention

BiLSTM on long sentences (100+ words) forgets subject-verb agreement. Attention solves
this.

10.7 Deep Concluding Thought

The Transformer (2017) is as important to deep learning as the CNN was to vision. It is
now standard in NLP (BERT, GPT), vision (ViT), and speech (Whisper). Attention is
the architecture of the 2020s.
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11 New Concept 9: Generative vs Discriminative

Models

11.1 What Problem Do They Solve?

Two philosophies for classification:

• Discriminative: Directly model P (y|x) (decision boundary). Example: Logistic
regression, SVM, neural networks.

• Generative: Model P (x, y) = P (x|y)P (y) (class distributions). Example: Naive
Bayes, GDA.

11.2 Mathematical Comparison

Discriminative:

P (y|x) = P (x, y)∫
P (x, y)dy

Learns only the boundary.
Generative:

P (x|y) and P (y) =⇒ P (y|x) = P (x|y)P (y)∑
y P (x|y)P (y)

Learns full joint distribution, can generate new samples.

11.3 Example: Naive Bayes vs Logistic Regression on Spam

Naive Bayes (generative): Assume features xj are independent given y. Estimate
P (xj|y) from data. Can generate fake spam emails.

Logistic Regression (discriminative): Directly model P (y = 1|x) = σ(βTx).
Cannot generate data, but often more accurate given enough data.

11.4 Tradeoffs

• Generative: Better when data is scarce (makes stronger assumptions). Handles
missing data naturally. Can generate new samples.

• Discriminative: Better when data is abundant (makes weaker assumptions). Usu-
ally higher accuracy as n→∞.

11.5 Deep Concluding Thought

Use generative models for data generation, anomaly detection (low probability under
P (x)), and semi-supervised learning. Use discriminative models for pure classification
when you have enough labeled data.
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12 New Concept 10: Reinforcement Learning (RL)

Basics

12.1 What Problem Does It Solve?

Learning from delayed rewards. The agent takes actions in an environment, receives
rewards, and learns to maximize cumulative reward.

12.2 Key Components

• State s: Current situation

• Action a: What agent can do

• Reward r: Immediate feedback

• Policy π(a|s): Probability of taking action a in state s

• Value V (s): Expected cumulative reward from state s

• Q-value Q(s, a): Expected cumulative reward taking action a in state s

12.3 Bellman Equation for Q-Learning

Q(s, a) = r + γmax
a′

Q(s′, a′)

where γ is discount factor (0=short-sighted, 1=far-sighted).

12.4 Example: Game Playing (Atari)

DQN (Deep Q-Network) uses neural network to approximate Q(s, a). Play Atari games
from raw pixels. The agent explores (random actions) and exploits (best known actions).

12.5 Counterexample: When RL Fails

If reward is too sparse (e.g., robot only gets reward after completing 100-step task),
learning is extremely hard. Use reward shaping or hierarchical RL.

12.6 Deep Concluding Thought

RL is the hardest branch of ML because of the exploration-exploitation dilemma and
credit assignment. But it’s also the most exciting for robotics, game AI, and autonomous
systems.

13 New Concept 11: Ethical AI — Bias, Fairness,

Interpretability

13.1 What Problem Does It Solve?

ML models can inherit societal biases (e.g., racial bias in hiring, gender bias in credit
scoring). Fairness metrics quantify this.
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13.2 Common Fairness Criteria

• Demographic parity: P (ŷ = 1|group A) = P (ŷ = 1|group B)

• Equalized odds: P (ŷ = 1|y = 1, group A) = P (ŷ = 1|y = 1, group B) and same
for y = 0

• Individual fairness: Similar individuals get similar predictions

13.3 Example: COMPAS Recidivism Algorithm

Propublica found that COMPAS had higher false positive rate for Black defendants than
White defendants (violates equalized odds). This sparked nationwide debate on AI fair-
ness.

13.4 Mitigation Strategies

• Pre-processing: Remove bias from training data (reweighting, data augmentation)

• In-processing: Add fairness constraint to loss function

• Post-processing: Adjust thresholds per group after training

13.5 Interpretability (SHAP, LIME)

SHAP (SHapley Additive exPlanations): Based on Shapley values from cooperative
game theory. For prediction f(x), contribution of feature j is:

ϕj =
∑

S⊆{1,...,p}\{j}

|S|!(p− |S| − 1)!

p!
[f(S ∪ {j})− f(S)]

LIME (Local Interpretable Model-agnostic Explanations): Train a simple
local surrogate model around x to approximate f .

13.6 Deep Concluding Thought

Ethical AI is not an add-on—it’s a requirement for deployment in high-stakes domains.
Fairness, interpretability, and robustness should be evaluated alongside accuracy. As data
scientists, we have a responsibility to understand and mitigate bias.

14 Final Summary Table: All Concepts at a Glance

Concept Key Insight When to Use
Numerical encoding ML requires vectors Always first step
ex Turns linear to probability Softmax, sigmoid, Gaussian
Activation Non-linearity enables depth Hidden layers of NNs
Regularization Bias-variance dial Prevent overfitting
Gradient descent Local optimization via slope Training all NNs
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L1 vs L2 Sparsity vs shrinkage Feature selection vs all fea-
tures

Poisson vs NegBin Overdispersion Count data, insurance,
claims

Precision/Recall Focus on positives Imbalanced classification
R2 Variance explained Regression evaluation
Bias-variance Fundamental tradeoff Model selection
Entropy Information content Decision trees, loss
MLE vs MAP Prior incorporation Bayesian inference
Conjugate priors Analytic posteriors Online learning, small data
EM Latent variables GMM, missing data
PCA Linear dimension reduction Visualization, compression
t-SNE/UMAP Manifold visualization High-dim exploration
Ensembles Reduce variance/bias Competition, robustness
Attention Long-range dependencies Transformers, NLP
Generative vs Dis-
criminative

Full joint vs boundary Data generation vs classifi-
cation

RL Delayed rewards Games, robotics
Ethical AI Fairness, interpretability High-stakes deployment
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15 Ultimate Concluding Thoughts

The 10 Commandments of Data Science

1. Data is always messier than you think. Spend 80% of your time cleaning
and exploring.

2. No free lunch. Every model has assumptions. Validate them.

3. Never trust a single metric. Use confusion matrix, precision, recall, F1,
AUC, calibration curve.

4. Regularize or regret. Always add some regularization (especially with
small data).

5. Visualize everything. Anscombe’s quartet proves summary statistics can
be misleading.

6. Correlation is not causation. Domain knowledge + experiments (A/B
tests) establish causality.

7. Ensemble when possible. Random Forest or XGBoost as baselines before
deep learning.

8. Be Bayesian when data is scarce. Priors encode domain knowledge.

9. Interpretability matters. Black boxes have their place (vision, speech),
but for tabular data, use SHAP/LIME.

10. Ethics is not optional. Your model’s predictions affect real lives. Check
for bias.

A Formula Reference Sheet

• Sigmoid: σ(z) = 1/(1 + e−z)

• ReLU: max(0, x)

• Softmax: ezi/
∑

ezj

• Cross-entropy: −
∑

pi log qi

• KL divergence:
∑

pi log(pi/qi)

• Gradient descent: θ ← θ − η∇L

• Ridge: L+ λ∥w∥2

• Lasso: L+ λ∥w∥1

• PCA: XTXv = λv

• Attention: softmax(QKT/
√
dk)V

• Bellman: Q(s, a) = r +
γmaxa′ Q(s′, a′)

• SHAP: ϕj =
∑

S wS[f(S∪{j})−f(S)]
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B Understanding Logistic Regression: The Log-Odds

and βTx

B.1 The Core Equation

In logistic regression, we model the log-odds as a linear function of the input features:

ln

(
p

1− p

)
= βTx

where:

• p = P (y = 1 | x) is the probability that the outcome belongs to class 1

• p
1−p

is called the odds (ratio of success probability to failure probability)

• ln is the natural logarithm (base e)

• β = [β0, β1, . . . , βp]
T is the weight vector (parameters to learn)

• x = [1, x1, x2, . . . , xp]
T is the input feature vector (with x0 = 1 for bias term)

B.2 What is βTx?

βTx denotes the dot product (also called inner product) between the weight vector and
the feature vector:

βTx = β0 · 1 + β1x1 + β2x2 + · · ·+ βpxp

B.2.1 Example: House Price Prediction

Suppose we want to predict whether a house will sell within 30 days (y = 1) or not
(y = 0). Features:

• x1 = number of bedrooms (3)

• x2 = square footage (2000)

• x3 = year built (1995)

After training, suppose the model learns these weights:

β =


β0

β1

β2

β3

 =


−40
0.5
0.001
−0.02


Here β0 = −40 is the intercept (bias term).

Then:
βTx = (−40)(1) + (0.5)(3) + (0.001)(2000) + (−0.02)(1995)

= −40 + 1.5 + 2− 39.9 = −76.4

Thus, ln
(

p
1−p

)
= −76.4.
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B.3 From Log-Odds to Probability

Exponentiating both sides:

p

1− p
= e−76.4 ≈ 1.3× 10−34 (extremely tiny odds)

Solving for p:

p =
e−76.4

1 + e−76.4
≈ e−76.4 ≈ 0 (practically zero)

This house is very unlikely to sell within 30 days.

B.4 The Sigmoid Function

Define z = βTx. Then:

p = σ(z) =
1

1 + e−z

This is the sigmoid function. It maps any real number z ∈ (−∞,∞) to a probability
p ∈ (0, 1).

z = βTx p = σ(z)
−∞ 0
−10 ≈ 0.000045
−2 ≈ 0.119
0 0.5
+2 ≈ 0.881
+10 ≈ 0.999955
+∞ 1

B.5 Why This Formulation?

Key insight: The log-odds transformation ln
(

p
1−p

)
turns a bounded quantity p ∈ [0, 1]

into an unbounded quantity z ∈ (−∞,∞). This allows us to use a linear model on z,
then transform back to probability.

B.6 Visual Intuition

Imagine trying to draw a line through points that are either 0 or 1. A straight line can’t
stay between 0 and 1. The sigmoid ”squashes” the line into an S-shaped curve that stays
in (0, 1).

B.7 Why βT Notation?

The transpose notation βT is linear algebra shorthand:

• β is a column vector: β =


β0

β1
...
βp


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• x is also a column vector: x =


1
x1
...
xp


• βT is the row vector version: βT = [β0, β1, . . . , βp]

• Multiplying a row vector by a column vector gives a scalar (dot product)

B.8 Common Misunderstanding

Mistake: Thinking βTx means ”beta to the power of T times x” Truth: It means
”beta-transpose times x” — a matrix multiplication that yields the dot product.

B.9 Deep Concluding Thought

The equation ln
(

p
1−p

)
= βTx is the foundation of logistic regression because:

1. It uses ex to convert linear combinations to probabilities

2. It allows linear decision boundaries in log-odds space

3. It has a simple gradient for optimization

Without this formulation, classification models would require constrained optimization
(keeping p between 0 and 1). The log-odds trick removes the constraint entirely.

C Why Log-Likelihood Instead of Likelihood?

C.1 The Problem with Raw Likelihood

C.1.1 Definition of Likelihood

Given independent and identically distributed (i.i.d.) data {x1, x2, . . . , xn}, the likelihood
function is:

L(θ) =
n∏

i=1

P (xi | θ)

This is a product of probabilities.

C.1.2 The Numerical Underflow Problem

Each probability P (xi | θ) is between 0 and 1. When you multiply many of them together:

L(θ) = 0.5× 0.3× 0.9× 0.2× · · ·

For n = 1000 samples, L(θ) becomes astronomically small:

L(θ) ≈ 10−300 (far below computer precision)
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Example: In a language model, each word probability might be ≈ 0.001. For a
sentence of 100 words:

L(θ) = (0.001)100 = 10−300

Computers have a minimum representable value of about 10−308 (double precision). We
are dangerously close to underflow.

C.2 The Log-Likelihood Solution

C.2.1 Definition

ℓ(θ) = logL(θ) = log

(
n∏

i=1

P (xi | θ)

)
=

n∑
i=1

logP (xi | θ)

C.2.2 Why This Solves Underflow

Instead of multiplying tiny numbers, we add negative numbers:

log(10−300) = −300 log(10) ≈ −690.78

This is comfortably within computer range (typical double precision can handle exponents
up to ±708).

C.3 Why Maximizing Log-Likelihood is Equivalent to Maximiz-
ing Likelihood

C.3.1 Mathematical Proof

The logarithm function log(x) is monotonically increasing:

If a < b then log(a) < log(b)

Therefore:
argmax

θ
L(θ) = argmax

θ
logL(θ)

The θ that maximizes L is exactly the same θ that maximizes logL.

C.3.2 Visual Example

θ L(θ) logL(θ)
0.1 0.10 -2.30
0.3 0.25 -1.39
0.5 0.40 -0.92
0.7 0.42 -0.87
0.9 0.30 -1.20

Both columns peak at θ = 0.7. The location of the maximum is identical.
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C.4 Additional Benefits of Log-Likelihood

C.4.1 1. Derivatives Become Simple

For Gaussian distribution with unknown µ:

L(µ) =
n∏

i=1

1√
2πσ2

e−
(xi−µ)2

2σ2

Taking derivative directly is messy. But log-likelihood:

ℓ(µ) = −n

2
log(2πσ2)− 1

2σ2

n∑
i=1

(xi − µ)2

Derivative:
∂ℓ

∂µ
=

1

σ2

n∑
i=1

(xi − µ) = 0 =⇒ µ =
1

n

n∑
i=1

xi

C.4.2 2. Summation is Easier to Work With

Product of many terms is hard to differentiate. Summation is linear and much easier:

d

dθ

∑
i

logP (xi | θ) =
∑
i

d

dθ
logP (xi | θ)

C.4.3 3. Information Theory Connection

The log-likelihood is directly related to cross-entropy:

Cross-Entropy = − 1

n
ℓ(θ)

Minimizing cross-entropy = maximizing log-likelihood.

C.4.4 4. Asymptotic Properties

Log-likelihood has nice properties:

• The score (first derivative) has mean zero: E[ ∂ℓ
∂θ
] = 0

• The Fisher information is the variance of the score: I(θ) = −E[ ∂2ℓ
∂θ2

]

• MLE is asymptotically normal: θ̂MLE ∼ N (θ, I(θ)−1)

C.5 Concrete Example: Coin Toss

C.5.1 Data

Toss a coin 10 times, get 7 heads.

C.5.2 Likelihood

L(p) = p7(1− p)3
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C.5.3 Log-Likelihood

ℓ(p) = 7 log p+ 3 log(1− p)

C.5.4 Maximization

dℓ

dp
=

7

p
− 3

1− p
= 0 =⇒ 7

p
=

3

1− p
=⇒ 7(1−p) = 3p =⇒ 7−7p = 3p =⇒ 7 = 10p =⇒ p = 0.7

C.6 What If We Used Raw Likelihood?
dL

dp
= 7p6(1− p)3 − 3p7(1− p)2 = p6(1− p)2[7(1− p)− 3p] = 0

We get the same equation: 7(1− p)− 3p = 0 =⇒ p = 0.7. But the algebra is messier.

C.7 Numerical Example: Extreme Case

Suppose you have 100,000 independent events, each with probability P (xi | θ) ≈ 0.5.
Likelihood:

L ≈ (0.5)100,000 ≈ 10−30,103 (underflows to 0 in any computer)

Log-Likelihood:

ℓ ≈ −100, 000× log 2 ≈ −69, 314.7 (perfectly representable)

C.8 Common Misconceptions

C.8.1 Misconception 1: ”Log-likelihood is an approximation”

Truth: It is an exact transformation. θ̂MLE is identical for both.

C.8.2 Misconception 2: ”We lose information by taking log”

Truth: Log is one-to-one. No information is lost.

C.8.3 Misconception 3: ”Any monotonic function would work”

Truth: Any monotonic function preserves the optimum, but log specifically:

• Turns products into sums (numerical stability)

• Turns exponential families into linear functions

• Has nice derivative properties
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C.9 Practical Implementation in Code

import numpy as np

# BAD: Raw likelihood (underflows)

def likelihood(p, heads, tails):

return (p**heads) * ((1-p)**tails)

# GOOD: Log-likelihood (stable)

def log_likelihood(p, heads, tails):

return heads * np.log(p) + tails * np.log(1-p)

# Optimization uses log-likelihood

from scipy.optimize import minimize

result = minimize(lambda p: -log_likelihood(p, 7, 3), x0=0.5)

C.10 Extension: Negative Log-Likelihood (NLL)

Many frameworks minimize negative log-likelihood:

NLL(θ) = −ℓ(θ) = −
n∑

i=1

logP (xi | θ)

This is equivalent to maximizing log-likelihood.

C.11 Deep Concluding Thought

Why Log-Likelihood?

The log-likelihood is not just a numerical trick—it is the canonical form for esti-
mation in exponential families. It connects probability theory to information theory
(cross-entropy), optimization (convexity in many cases), and statistics (Fisher in-
formation). Without the log transform, MLE would be computationally impossible
for large datasets and numerically unstable for small ones.

C.11.1 The Ultimate Takeaway

When you see ℓ(θ) = logL(θ), remember:

1. It’s exactly equivalent to likelihood maximization

2. It prevents numerical underflow

3. It makes derivatives simpler

4. It linearizes exponential families

5. It connects to cross-entropy minimization

This is why every ML framework (PyTorch, TensorFlow, scikit-learn) uses log-likelihood
(or negative log-likelihood) internally.
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